Abstract. From a suitable large cardinal hypothesis, we provide a model with a supercompact cardinal in which universal indestructibility holds: every supercompact and partially supercompact cardinal κ is fully indestructible by <κ-directed closed forcing. Such a state of affairs is impossible with two supercompact cardinals or even with a cardinal which is supercompact beyond a measurable cardinal.
Observation 1. After the Laver preparation, above the first non-trivial stage of forcing every partially supercompact non-supercompact cardinal is destructible.
Proof:
In fact we will show that even the measurability of such cardinals is destructible. Please recall that the Laver preparation of κ is defined relative to the Laver function ℓ . . . κ → V κ , defined inductively so that if γ is a measurable cardinal and ℓ " γ ⊆ V γ then ℓ(γ) is some x chosen with respect to some fixed well-ordering of V κ such that for a minimal λ the set x has least rank such that there is no λ-supercompact embedding j : V → M with critical point γ such that j(ℓ ↾ γ)(γ) = x, if such an x exists. The Laver preparation of κ is the reverse Easton κ-iteration which at stage γ forces with ℓ(γ), provided that this is the P γ -name of a <γ -directed closed poset. Laver [Lav78] proved that this forcing makes the supercompactness of κ indestructible by <κ-directed closed forcing. In fact, every supercompact cardinal γ ≤ κ becomes indestructible by <γ -directed closed forcing. In particular, all the supercompact cardinals of the ground model are preserved to the extenstion.
In [Ham98b] and [Ham∞a] the second author of this paper defined that a forcing notion admits a gap at δ when it factors as P 1 * Ṗ 2 where |P 1 | < δ and Ṗ 2 is ≤δ-strategically closed. It is easy to see, for example, that the Laver preparation admits a gap between any two stages of forcing. The Gap Forcing Theorem of [Ham∞a] shows that after forcing V [G] which admits a gap at some δ < γ, any embedding
is the lift of an embedding in the ground model. Since all ultrapower embeddings and most strongness extender embeddings have this small degree of closure, the theorem shows that no forcing which admits a gap below γ can increase the degree of supercompactness, the degree of strong compactness, and (except possibly for singular limit ordinals) the degree of strongness of γ.
Suppose now that γ is a partially supercompact but not supercompact cardinal in V [G] , and that γ is above the first nontrivial stage of forcing in the preparation.
We claim that γ is destructible in V [G]. Since all the supercompact cardinals in V were preserved to V [G] there must be some λ such that γ is not λ-supercompact in
-generic for the forcing to collapse λ to γ. If γ remains measurable after this forcing, then since γ and λ now have the same cardinality, γ is
Since the combined forcing also admits a gap below γ, it follows by the Gap Forcing Theorem of [Ham∞a] that γ is λ-supercompact in Lemma 3. If κ is a high-jump cardinal, then V κ has a proper class of supercompact cardinals.
Proof: Suppose that κ is a high-jump cardinal with witnessing embedding j : V → M . Since θ = sup{ j(f )(κ) | f : κ → κ } is a strong limit cardinal, it follows by the θ-closure of M that κ is <θ-supercompact in M . Since by the high-jump property the failure of the degree of supercompactness of κ cannot jump over θ, it follows from this that κ is actually <j(κ)-supercompact in M . So by reflection κ must be a limit of cardinals which are <κ-supercompact in V . In particular, V κ has a proper class of supercompact cardinals. Lemma
Essentially the same argument shows that in V θ there is a proper class of supercompact cardinals, and κ is the κ th supercompact cardinal. Before proving the Main Theorem, we will need one more simple lemma: Lemma 4. If γ ≤ λ and the λ-supercompactness of γ is destructible by some <γ -directed closed forcing Q, then the λ-supercompactness of γ is destructible by some <γ -directed closed forcing Q ′ (of perhaps slightly larger cardinality) which leaves no measurable cardinals in the interval (λ, We are now ready to prove the main theorem:
Universal Indestructibility Theorem 5. If there is a high-jump cardinal, then
there is a transitive model of zfc with a supercompact cardinal in which universal indestructibility holds; every supercompact or partially supercompact cardinal δ is fully indestructible by <δ-directed closed forcing.
Proof: The proof proceeds in a trial by fire. Specifically, assuming κ is a highjump cardinal in V , we will perform a certain reverse Easton forcing iteration P of length less than κ in which at each stage γ we aim to destroy as much of the supercompactness of γ as is possible with <γ -directed closed forcing. The idea is that any supercompact or partially supercompact cardinal which survives this ordeal is ipso facto indestructible. The large cardinal hypothesis will guarantee that in fact something does survive and the iteration does not simply destroy everything.
Let's begin the construction. In the usual reverse Easton manner, we will take direct limits at the inaccessible stages and inverse limits otherwise; what remains is to describe the forcing Q γ which occurs at each stage γ. Suppose inductively that the iteration P γ is defined up to stage γ. In the special case that some condition in P γ stage of forcing will lie beyond both η and Q γ , and consequently none of the later stages of forcing will ever revive the η-supercompactness of γ.
The trial-by-fire observation is simply that after the stage γ forcing, any degree of supercompactness of γ which survives must in fact be indestructible, for by the minimality of η if we could have destroyed more supercompactness we would have.
] can destroy the λ-supercompactness of γ, for then the forcing Q γ * Q ′ would have destroyed the λ-
, contradicting the minimality of η. In particular, the λ-supercompactness of γ is preserved by the tail forcing P γ,β which leads to any of the later models V [G β ] for β < κ. Furthermore, since the next nontrivial stage of forcing after γ is beyond η and Q γ , the η-supercompactness of γ is never restored by the later stages of forcing. Consequently, in all the later models
for β < κ, the partial supercompactness of γ is fully indestructible by <γ -directed closed forcing of rank less than κ.
We therefore claim that if we ever stop the construction and declare success, then
we have in fact succeeded. Suppose we stop the construction and declare success at stage γ < κ, jumping into the resulting model
Since we declared success, it must be that in this model γ is an indestructible supercompact cardinal, and there are no measurable cardinals above γ. And the trial-by-fire observation shows that any partially supercompact cardinalγ below γ becomes indestructible at stageγ and remains so in all the later models, including V [G γ ]. Notice that indestructibility by posets of rank less than κ becomes full indestructibility in
is a model of a supercompact cardinal with universal indestructibility, as we desired.
To complete the proof, then, it suffices for us to show that indeed at some stage before κ we stop the construction and declare success. Suppose towards a contradiction that we do not, and that
in which at every stage γ < κ we saw need to continue the iteration. Let j : V → M be an embedding which witnesses that κ is high-jump supercompact. Thus, for some
We may factor the forcing as j(P) = P * Q * Ṗ tail whereQ is (a name for) the stage κ forcing in M andṖ tail is (a name for) the subsequent forcing up to j(κ). Certainly . Since η, δ and the rank of Q are easily defined from κ, one can easily find functions f so that they are less than j(f )(κ). Thus, by the high-jump property of κ, they are all also less than θ. And since M and V agree up to θ, it follows that Q destroys the η-supercompactness of κ over
Next, we find a master condition below j " g, force below it to add j(g) ⊆ j(Q) generically over
, and lift the embedding to j :
Let µ be the
[g]-measure on P κ η germinated by the seed j " η, so that X ∈ µ ↔ j " η ∈ j(X).
Since the tail forcing
, and consequently could not have added the measure µ. Thus, µ must lie
, contradicting the assumption that Q destroyed the η-supercompactness
The trial-by-fire idea is easily modified to yield the following theorems. 
Every measurable limit of supercompact cardinals in V [G] is fully indestructible.
Proof: The proof proceeds by folding into the universal Laver preparation some additional forcing which destroys the measurability of the measurable limits of supercompacts, if possible. The result is that all supercompact cardinals in the extension are indestructible and-the essence of the trial by fire-any surviving measurable limit of supercompact cardinals is indestructible, in virtue of having survived.
Let ℓ be the universal Laver (class) function defined as in Observation 1, assuming a class choice principle, which can be easily forced if necessary (see also Lemma adds a Cohen real (in order to introduce a very low gap), and that at stage γ forces with ℓ(γ), provided that this is the P γ -name of a <γ -directed closed forcing notion.
In the case that γ happens to be in V a measurable limit of supercompact cardinals whose measurability is destroyed by some <γ -directed closed forcing Q in V Pγ , then instead we perform some such forcing of least possible rank, chosen by using the least name in V with respect to a fixed class well-ordering of V (and we do so with a poset Q which leaves no measurable cardinals between γ and |Q|). Suppose now that G ⊆ P is V -generic for this forcing. If γ is a supercompact cardinal in V , but Factor the forcing j(P κ ) as P κ * ˙ Q * Ṗ tail , where˙ Q is a term for the stage κ forcing in M . Since M and V agree up to θ, the termQ exists in M and furthermore forcing with its interpretation Q destroys the measurability of κ over M [G] . Consequently, the rank of˙ Q is no greater than that ofQ, and is consequently less than θ. Thus, over V [G], the forcing Q destroys the measurability of κ. Supposing that g ⊆ Q is
. Force now to add
[g] and lift the embedding to j :
where j(G) = G * g * G tail . Now, find a master condition below j " g in j( Q) and
In the resulting model, we may lift the embedding to j :
The induced normal measure cannot have been added by the forcing P tail * j(˙ Q), and so lies in
. Thus, κ is measurable there, contradicting our earlier observation that it was not. So (3) holds. Theorem While one might hope for universal indestructibility in the presence of several supercompact cardinals, the next theorem shows that this is simply inconsistent.
Theorem 10. If there are two supercompact cardinals, then universal indestructibility fails for partial supercompactness. Indeed, if a cardinal κ is λ + -supercompact for some measurable cardinal λ > κ, then universal indestructibility fails for partial supercompactness.
Proof: Suppose that every measurable cardinal below κ is indestructible and for some measurable cardinal λ above κ the λ + -supercompactness of κ is indestructible.
By further forcing if necessary, we may assume that 2 λ = λ + because the forcing to achieve this is ≤λ-directed closed, and therefore preserves the measurability of Proof: Since the weak compactness of λ can be verified in V λ+1 , the same argument as the previous theorem applies also in this case. The Superdestruction Theorem of [Ham98a] shows that after small forcing, even the weak compactness of λ is destroyed by Add(λ, 1). Theorem
Let us now turn to the question of the consistency strength of universal indestructibility. Since we proved that the constructions of the Universal Indestructibility Theorems terminate before the least high-jump cardinal, we naturally expect that the hypothesis can be reduced. One might naively hope to perform a Laverlike preparation and preserve any given supercompact cardinal while making the partial supercompact cardinals below fully indestructible. But as we mentioned just after the initial Observation, the theorem below from [Ham∞b] shows that this is impossible.
Theorem 13. (Hamkins) After forcing with a gap below κ, if the measurability of κ is indestructible, then κ was supercompact in the ground model. Proof: We simply use the trial-by-fire technique while restricting the size of the forcing notions we consider. Specifically, let P be the reverse Easton κ-iteration in which at stage γ the forcing Q γ is chosen, with respect to a well-ordering of the names in V κ , so as to destroy as much of the supercompactness of γ over V [G γ ] as is possible with Q γ < λ γ where λ γ is least such that γ is not λ γ -supercompact in
. If no such forcing exists, then Q γ is trivial. In particular, nontrivial forcing occurs only at measurable cardinal stages. Suppose that G ⊆ P is V -generic for this forcing.
The trial-by-fire observation in this case is that after the stage γ forcing, any remaining supercompactness of γ is indestructible by <γ -directed closed forcing of size less than λ γ , since if we could have destroyed more, we would have. And since the next nontrivial stage of forcing does not occur until the next measurable cardinal, which by assumption is above λ γ , no amount of supercompactness will be revived by the later stages of forcing. Thus, in all the later models, γ will be partially indestructible.
To finish the proof, therefore, it suffices to show that κ becomes indestructibly supercompact in V [G]. Suppose that some <κ-directed closed forcing Q destroys the λ-supercompactness of κ. Let θ be much larger than λ and |Q| and suppose 
